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I. INTRODUCTION, DEFINITIONS AND NOTATIONS 

Let, P(z) = a 0 + a x z + a 2 z 2 + a 3 z 3 + + a^z" -1 + a n z n ; laj * 0 

Be a polynomial of degree n . Datt and Govil [2] ; Goviland Rahaman [5] ; Marden [9] ; Mohammad [10] ; Chattopadhyay, 
Das, Jain and Konwar [1] ; Joyal, Labelle and Rahaman [6] ; Jain {[7] , [8]}; Sun and Hsieh [11] ; Zilovic, Roytman, 
Combettes and Swamy [13] ; Das and Datta [4] etc. worked in the theory of the distribution of the zeros of polynomials and 
obtained some newly developed results. 

In this paper we intend to establish some of sharper results concerning the theory of distribution of zeros of entire 
functions of order zero. 

The following definitions are well known : 
Definition 1 The order p and lower order A of a meromorphic function / are defined as 

p = limsup '° gT (r,/) and A = liminf '° B T (r,/) ■ 

r _» oo lo s r r -> oo lo s r 

If / is entire, one can easily verify that 
p = limsup ^W) and A= liminf !£IEE]M0V). 
r _> oo log r r -> oo >°s r 

where log [k] x = log(log [k - l] x) for k = 1, 2, 3, and log [o] x = x. 

If p < oo then / is of finite order. Also p = 0 means that / is of order zero. In this connection Datta and Biswas [3] 
gave the following definition : 

Definition 2 Let / be a meromorphic function of order zero. Then the quantities p* and A* of / are defined by : 

p* = limsup 7 ^' 1 and A* = liminf r(r ^- ) ■ 

r _> lo s r r -* oo lo s r 

If / is an entire function then clearly 

,. log Mir.f) >g Mir.f) 

p = hmsup and A = liminl 

r _> oo lo s r r -» oo lo s r 

H. LEMMAS 

In this section we present a lemma which will be needed in the sequel . 
Lemma 1 If f(z) is an entire function of order p = 0, then for every e > 0 the inequality N(r) < (log r) p +£ 
Holds for all sufficiently large r where N(r) is the number of zeros of f(z) in \z\ < logr . 

Proof. Let us suppose that f[z) = 1. This supposition can be made without loss of generality because if /(z) has a zero of 
order 'm' at the origin then we may consider g(z) = c. where c is so chosen that g(0) = 1. Since the function g (z) and 
/(z) have the same order therefore it will be unimportant for our investigations that the number of zeros of g(z) and /(z) 
differ by m. 

We further assume that /(z) has no zeros on |z| = log2r and the zeros z,'s of /(z)in |z| < logr are in non 
decreasing order of their moduli so that IzJ < lz i+1 |. Also let p* suppose to be finite where p = 0 is the zero of order of 
f(z). 

Now we shall make use of Jenson's formula as state below 

n 2n 

log|/(0)| = - S logpr + f/ log|/(Be''*)|d0. (1) 
Let us replace R by 2r and n by N(2r) in (1) . 

N(2r) 2n 

••• log|/C0) I S lo gU7 + ^/ log|/(2re i *)|d0. 

i = 1 ' 0 

Since /(0) = 1, ••• log|/(0)| = log 1 = 0. 



www.ijmer.com 



2197 I Page 



International Journal of Modern Engineering Research (JJMER) 
www.ijmer.com Vol. 3, Issue. 4, Jul - Aug. 2013 pp-2197- 2204 ISSN: 2249-6645 

N(2r) 2n 

•'• 2 ]og iT\ = if log|/(2re'*)|d0 (2) 
i = 1 ' 0 

JV(2r) JV(r) 

L.H.S. = X log^-> £ log^->W(r)log2 ( 
i=l W i=l '*' 

because for large values of r, 

2r 

log uj - log2 - 

R.H.S.= ±J log|/(2re l *)|d0 
* 0 
2tt 

< logM(2r)d0 = logM(2r). ( 

0 

Again by definition of order p* of /(z) we have for every £ > 0, 

logM(2r) < {log(2r)}"* +£/2 . 
Hence from (2) by the help of (3) , (4) and (5) we have 

W(r)log2 <{log(2r)K +e/2 

(loe 2) p ' +E/2 C\osr) p * +E , n », 

le - N ^ * ^77" ■ * 0ogr>> - . 

This proves the lemma. 

IH. THEOREMS 

In this section we present the main results of the paper. 
Theorem 1 Let P (z) be an entire function having order p = 0 in the disc |z| < logr for sufficiently large r . Also let the 
Taylor's series expansion of P(z) be given by 

P(z) = a 0 + a pi z pi + +a pm z Pm + a iv(r) z w(r) , a 0 * 0, a N{r) * 0 

with 1 < p 1 < p 2 < < p m < N(r) — 1, Pi 's are integers such that for some p* > 0, 

kKp*)^ > |a pi |(p*)^)- P1 > > KJCp*)"^ > k w | . 

Then all the zeros of P(z) lie in the ring shaped region 

p l 1 + | a ol(P*) p iJ 

Proof. Given that 

P(z) = a 0 + a pi z pi + +a pm z Pm + a N {r) z N( - r) 

where p t 's are integers and 1 < p 1 < p 2 < <Pm — WW — 1. Then for some p* > 0 , 

|a 0 l(p*)"« > |a pi |(p*)^-^ > > \a pm \(p*)^- Pm > 

Let us consider 

= (p'F (r) {a 0 + a pi ^ + +a pm + a N(r) 

= ao(p*) wW + a pi (p*) wW -Pi Z « + + a pm (p*)' v(ry -'""zP'" + a w(r) z w « . 

Therefore 

I <?(z)| >|a w(r) z' v W|-|a 0 (p*)' v( '- ) + a pi (p*)' v( '- ) -PizPi+ + a pm (p')"W-p mz p m | . 

Now using the given condition of Theorem 1 we obtain that 

|a 0 (p*) wW +a pi (p') NM -^z^+ + a pm ip') NM -^z^\ 

< \a 0 Kp*) N ^+ \a pi \{p*) NM -^\z\^ + !+ \a pm \{p*) NM -v m \ z \v m 

< lao l(p->»W |z|"« + + ^) for |z| * 0 . 

Using (6) we get for |z| * 0 that 

lQ(z)|>k (r J|zr«-|a 0 Kp*rW|z|^)(^^ + 

> k (P) |w*w - iaoKp*) w(r) ur(^(^^ r + 

= |a w(r) ||zre-)-|a 0 |(p*) w «|zr«f Z ( 

k = 1 

The geometric series Z is convergent for 
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1 

FT < 1 
Izl 

i.e., for \z\ > 1 



Therefore 

Zl 1 
rrr= r~i — 7 f° r z > 1- 
lz| fe Izl - l 

fe = l 

Using (7) we get from above that for Izl > 1 

I <?Cz)| > k (r) ||z| w « - |a 0 l(p*) w C-)|z| w W (j^) 

Now for |z| > 1, 



i.e.,rf |a W(r) |> — — — 



;.,if Izl - 1 > 



Therefore I Q(z) I > 0 if 
Therefore Q (z) does not vanish for 
So all the zeros of Q(z) lie in 



Izl <1 + 



\a N(r) \ 



ktf(r)l 

Let z = z 0 be any zero of P (z) . Therefore P (z 0 ) = 0 . Clearly z 0 0 as a 0 ^ 0. 
Putting z = p*z 0 in Q(z) we get that 

^ <?(p*z 0 ) = (p*) wW .P(z 0 ) = (p*) wW .0 = 0. 
So z = p*z 0 is a zero of Q (z) . Hence 

lp*z 0 |<l + ^= 



i.e., Izok-^U + ' 



l«*(r)l 

Since z 0 is an arbitrary zero of P(z) , therefore all the zeros of Q(z) lie in 

Again let us consider 

Therefore 

P( z ) = ( p ^(r) zW (r).{ ao + Si _J_ + + Sm _l_ +a w(r) (p , )W(r 1 )zW(r) } 

= ajCp'^VW +a pi (p*)' v( '- ) -Piz' v( '- ) -Pi + + a pm (p*y {r) -P™z NM -P™ +a N(r) . 

Now 

lB(z)| > \a 0 (p*y M z N ^-\a pi (p*yV~r>iz NM ~r>i + + a pm (pO*W-P»2*«-P» + %(r) | . 

[ flpi Q,«)»W-Pl z ff(r)-I.i + + Gp ( /) f(r)-p B /r)- PH%M | 

< \a pi (p*r M -^z NM -Pi\ + + \a Vm {p^ NM -^z NM -^\+\a N{r) \ 

< \a pi \ (p*yV- Pl \ z \NM- Pl + + | (p . )W (r)- Pm | z | W (r)- Pm + 

< |a p J ip*yM- Pl ^ z \NM- Pl + + \ z \Mr)- Pm + i). 

Using (10) we get from (9) that for |z| * 0 

li?(z)| > Kl (p-) wW lz| wW - |a p J ( p *yvG-)- P1 (| z |,vG-)- P1 + + | z | + x ) 

= loo I (p*)" W Izl »W -|a p J W-p, W »W ( _i_ + + _±_ + _L_) 
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> lool (p')" W W» W - |a p J ip*)^- P1 \ z \NM^ + + _I_ + _L_ + ) 

Therefore for |z| * 0, 

l/?(z)l > la 0 l (p*) wW lzl wW - (p*) wW -fi| Z | wW ^i: 



Now the geometric series £ - 
fe=l U 



And converges 1 



i.e., for |z| > 1 



Therefore for Izl > 1, 

i.e., for |z| > 1 
Now 



' Zll -R |Z ' _1 



V nr= n — 7 for Izl > 1. 
^ lzl fe Izl - 1 

k = 1 

|P(z)| > la 0 | (p'>» W lzl wW - |a p J (p*) wW -fi|zl wW (^) 

= lzl^V) w(r) - pi (kKp*) pl -|^)- 

|P(z)| > lz| wW (p*r M -^{\a 0 \ (p*) pi 

I«piI > 



Therefore 

Since R (z) does not vanish h 
all the zeros of fl(z) lie in 



P(z) >0 if (la 0 l(p*)Pi--Jll)>0 
i.e., if |a 0 | (p*)Pi > ^ 
Le., if Izl - 1 > , ' a . P1 . - 
Le., if Izl > 1 + , , , P V > 1. 

fl(z) > 0 if Izl > 1 + ■ l ° P1 .' ■ 



Ul>l + '"»' 



Izl < 1 + 



la 0 |(p*)Pl 
Kll 



Let z = z 0 be any zero of P(z) . Therefore P(z 0 ) = 0. Clearly z 0 0 as a 0 * 0. 
Putting z = p*z 0 in P(z) we obtain that 

P(^) = (p*) w «.( ^ J^-PCzo) 

" / j yV(r) P Z ° 

=U - o=o - 

So 

Le., Iz 0 | > - 



°*( 1+ |ao'"''pi) 



As z 0 is an arbitrary zero of /(z) , all the zeros of P(z) lie ii 

Izl > ■ 



So from (8) and (12) we may conclude that all the zeros of P(z) lie in the proper ring shaped region 
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,.(»A^) <lzl< M i+ ^- y ' r ')' 



This proves the theorem. 

Corollary 1 In view of Theorem 1 we may conclude that all the zeros of 

Piz) = a 0 + a pi z pi + +a pm z Pm + a n z n 

of degree n with 1 < p 1 < p 2 < p m < n — 1, p t 's are integers such that for some p* > 0, 

la 0 l > |a p J > > |a pm | > laj 

lie in the ring shaped region 

(4^< lzl <( i+ K) 

on putting p* = 1 in Theorem 1. 

Theorem 2 Let P(z) be an entire function having order p = 0 . For sufficiently large r in the disc Izl < logr , the Taylor's 
series expansion of P(z) be given by Piz) = a 0 + a x z + + a N ^z N ^, a 0 0. Further for some p* > 0, 

\a 0 \( P ') N ^> wip-r^- 1 ^ >k (r) |. 

Then all the zeros of P(z) lie in the ring shaped region 

where t 0 and t 0 are the greatest roots of 

git) ee \a N at NM+1 ~ (kwl + (p*) N(r) \a 0 \)t NM + ip*) N ^\a 0 \ = 0 

and 

fit) = \a 0 \p*t NM+1 - (lool p* + k Dt wW + laj = 0. 

Proof. Let 

P(z) = a 0 + c^z + + a N(r) z N(r) 

by applying Lemma 1 and in view of Taylor's series expansion of P (z) . Also 

\a 0 \(p*) N ^> \ ai \(p*) NM -i > > | %(r) |. 

Let us consider 

Q(Z) = ( p *)NMp(^J 

= (p*) NM {a Q + a 1 j : +a 2 ^ T2 + + %(r) 

= a 0 ip') NM + a 1 (p*) w( '- ) - 1 z+ + a N(r) z N ^. 

Now 

I (? (z) I > k (r) ||z| w « - |a 0 (p*) wW + a 1 (.p') NM - i z+ + a N{r) _ t z^" 1 1 . 

Also applying the condition |a 0 |(p*) w(r:) > \a 1 \ip*) N< * r - > ~ 1 > > k^-J we get from above that 

k(p*) WW +a 1 (p*) wW - 1 z + + a w(r) _ 1 z' vW - 1 | 

< laoKp*)^ 1 ") + laJCp^^-Mzl + + | llzl^" 1 

<la 0 l(p*) w W(i+| z | + + Izl""- 1 ) 

= la 0 Kp*)' v «-^^ifor Izl * 1. 
Therefore it follows from above that 

I Qiz)\ > \a N (r) | Izl »W - I a 0 1 (p*) w ^ ■ ■ 



i.e.,if | %(r) ||z| w W> koKp*)^- — 



, if k (r) ||z| w M(|z| - 1) > |a 0 Kpr w (lzrO-) - l) 

, if k (r) ||z| wW+1 - (l %(r) | + \a 0 \ip*) NM )\z\» M + |a 0 Kp*) w W > 0 . 



Let us consider 



git) ee k«[t W(r)+1 - (k W | + la 0 l(p*)" G "V W + kKp*)^ = 0 . (13) 
The maximum number of positive roots of ( 13) is two because maximum number of changes of sign in git) = 0 is two and 
if it is less, less by two. Clearly t = 1 is a positive root of git) = 0. Therefore git) = 0 must have exactly one positive 
root other than 1. Let the positive root of git) be t v Let us take t 0 = max {l , t^} . Clearly for t > t 0 , git) > 0. If not for 
some t 2 > t 0 , git 2 ) < 0. Also 5(00) > 0. Therefore git) = 0 has another positive root in ( t 2 , °°) which gives a 
contradiction . 

So for t > t 0 , git) > 0. Also t 0 > 1. Therefore l<2(z)l > 0 if Izl > t 0 . So (?(z) does not vanish in Izl > t 0 .Hence all the 
zeros of Q(z) lie in |z| < t Q . 

Let z = z 0 be a zero of Piz). So P(z 0 ) = 0 . Clearly z 0 0 as a 0 * 0. 
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Putting z = p*z 0 in Q (z) we get that 

Qip'zo) = (p'f W -Kz 0 ) = (p*) wW -0=0. 
Therefore z = p*z 0 is a zero of Q(z). So \p*z 0 \ < t 0 or lz 0 l < ^t 0 ■ As z 0 is an arbitrary zero of P(z) , 

all the zeros of P(z) lie in the region Izl < ~t 0 ■ (14) 
In the order to prove the lower bound of Theorem 2 let us consider 

fl(z) = (pf W /«p(^). 

Then 

*(z) = (p^V^ (flo + ^ + + a N(r) 

= a 0 (p*) wW z' v « + atCp'^W- 1 z""" 1 + + a w(r) . 

Now 

l«(z)| > laoKp'^lzl^ - Mp*)""" 1 ^W" 1 + + a N(r) \ . 

Also 

\a 1 (p') NM - 1 z NM - 1 + + a N(r) \<\a 1 \(.p') NM - 1 \z\ NM - 1 + + |% (r) |. 

So applying the condition \a 0 \ ip*) N ^ > \a 1 \ip*) N< * r - > ~ 1 > > |a w(r5 1 we get from above that 

-Mp*)" 00 " 1 + +a w(r) |>-|a 1 |(p*)' v( '- ) - 1 |z|' v( '- ) - 1 - -|%G-)I 

> -Wip-y^Ozi^- 1 + +l) 

= -laJCpO^- 1 - '^^ 1 " 1 for Izl * 1. (15) 

Using (15) we get for |z| 1 that 

lfi(z)l > (p'^W- 1 (kl p* lz| w « - laj- ' 2 '^ 1 " 1 ). (16) 

Now 

R(z) >0 if (p')^- 1 (|a 0 I p' \z\ N ^ - laj ■ >0 
i.e., if \a o \ P *\z\ N ^-\a 1 \-^f^>0 
i.e., if |a 0 |p'|z|^)> laj- '^^" 1 
i.e., if |a 0 |p*|z|' v «(|z|-l)>|a 1 |(|z|' v( '- ) - 1 -l) 
i.e., if laol - Clao I + laiD Izl^ + laJ > 0. 

Let us consider 

fit) = \a 0 \p't NM+1 - i\a 0 \ p' + la a l)t wW + laj = 0. 
Clearly /(t) = 0 has two positive roots, because the number of changes of sign of fit) is two. If it is less, less by two. 
Also t = 1 is the one of the positive roots of fit) = 0. Let us suppose thatt = t 2 be the other positive root. Also let 
t 0 = max {l, t 2 ) and so t 0 > 1. Now t > t 0 implies fit) > 0. If not then there exists some t 3 > t 0 such that /(t 3 ) < 0. 
Also /(°°) > 0. Therefore there exists another positive root in (t^oo) which is a contradiction. 

So \R (z)l > 0 if Izl > to . Thus R{z) does not vanish in Izl > t 0 . In otherwords all the zeros of ff(z) lie in Izl < t 0 . 
Let z = z 0 be any zero of Piz). So P(z 0 ) = 0. Clearly z 0 J= 0 as a 0 J= 0. 
Putting z = -7— in R (z) we get that 

R fe) = (P* )NM ■ fer" ■ P(z o) = (y"" -0 = 0. 
Therefore -7— is a root of R(z). So |~ j - 1 < t 0 implies |z 0 | > -p- ■ As z 0 is an arbitrary zero of P(z) = 0, 

all the zeros of P(z) lie in |z| > — p- ■ (17) 
From (14) and (17) we have all the zeros of P(z) lie in the ring shaped region given by 
-V < Izl < -„ t 0 

where t 0 and t 0 are the greatest positive roots of git) = 0 and /(t) = 0 respectively. 
This proves the theorem. 

Corollary 2 From Theorem 2 we can easily conclude that all the zeros of 

P(z) = a 0 + a x z + + a n z n 

of degree n with property |a 0 l > laj > > |a n | lie in the ring shaped region 

4- < Izl < t 0 

where t 0 and t 0 are the greatest positive roots of 

git) = \a n \t n+1 -i\a n \ + \a 0 \)t n + \a 0 I = 0 

and 
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fit) = \a 0 \t n+1 - (Idol + lajjt" + laj = 0 

respectively by putting p* = 1. 

Remark 1 The limit of Theorem 2 is attained by Piz) = a 2 z 2 — az — 1, a > O.Here P(z) = a 2 z 2 — az — 1, a 0 = — 1, 
aj = —a, a 2 = a 2 . Therefore |a 0 | = 1, |a x I = a, I a 2 1 = a 2 . Let p* = a. So |a 0 |(p*) 2 > la^ I p* > |a 2 1 holds. Hence 
git) = \a 2 \t 3 - i\a 2 \ + a 2 \a 0 \)t 2 + \a 0 \a 2 =0 
i.e., a 2 (t 3 - 2t 2 + 1) = 0. 

Now git) = 0 has two positive roots which are t t = 1 and t 2 = ^ + 1 ■ So t 0 = max it tl t 2 ) = — + 1 ■ 
/(t) = |a 0 lp*t 3 -(lajp* + laj)t 2 + laj = 0 
i.e., at 3 - (l.a + a)t 2 + a = 0 
i.e., a(t 3 - 2t 2 + 1) = 0 

V5 + 1 

i.e., t = 1 and £ = 

2 

Again 

= max (positive roots of fit) = 0) 

_ V5 +1 
_ 2 

Hence by Theorem 2, all the zeros lie in 

-^<\z\<-J 0 



-<\z\< 



V5 + 1 



Piz) = 0 
i.e., a 2 z 2 — az — 1 = 0 



and z 2 : 



Clear'ly z 1 lie on the upper bound and z 2 lie on the lower bound of the boundary. Also here the order p = 0 because 
M (r) = |a 2 |r 2 = a 2 r 2 for large r in the circle |z| = r . Therefore 

loglogM(r) logloga 2 r 2 

p = limsup = limsup 

r _» oo ltJ g r x r -> oo lo S r 

= limsup '° B - — t~ = limsup — ^-r = 0. 

r -» oo r r -» oo log a 

Also p* = 2 and Nir) = 2 < (logr) 2+£ for £ > 0 and sufficiently large r in |z| < logr and a n = 0 for n > W(r) . 
Corollary 3 Under the conditions of Theorem 2 and 

P(z) = a 0 + a pi z pi + +a pm z Pm + a N{r) z N( - r) 

with 

l<Pi <P 2 <Pm <N(r)-l, 

where p ; 's are integers a 0 , a pi , , a N ^ are non vanishing coefficients with 

\a 0 \ip*)^) > I^J^^W-Pa > > | Gpm | (pr W- Pm > | %(r) | 

then we can show that all the zeros of P(z) lie in 

-V< Izl <j;t 0 

where t 0 and t 0 are the greatest positive roots of 

git) = | %(r) [t" W+1 - (k W | + kl (p->»W)c*W + k | (^.yfcr) = 0 

and 

/(t) = kl (p*)Pi t wW+1 - (lad (p*)Pi +[sJ)t WCr) - I Si I = 0 respectively. 
Corollary 4 If we put p* = 1 in Corollary 3 then all the zeros of 

Piz) = a 0 + a pi z p i + +a pm z p ™ + a n z n 

lie in the ring shaped region 

j- < Izl < t 0 

where t 0 and t 0 are the greatest positive roots of 

5 (t) = |aJt" +1 -(|aJ + |a 0 l)t"+|aol=0 

and 

fit) = \a 0 \ t n+1 — (IoqI + \a pi \)t n - \a pi \ = 0 respectively 
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\a 0 \>\a pi \> > \a p J>\a n \- 
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